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Abstract. Let S he a connected Dedekind scheme and X an S'-scheme pro- 
vided with a section x. We prove that the morphism between fundamental 
group schemes 7ri(X, x)"'' 7ri(Albx/5, OAibx/s) induced by the canonical 
morphism from X to its Albanese scheme Alb^/s (when the latter exists) 
fits in an exact sequence of group schemes — > (NS^f/s)^ — > 7ri(X, a;)"'' — > 
7ri(Albx/s, OAib^/s) where the kernel is a finite and flat S-group scheme. 
Furthermore we prove that any finite and commutative quotient pointed torsor 
over the generic fiber X,-/ of X can be extended to a finite and commutative 
pointed torsor over X. 
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1 Introduction 

A classical result states that the abelianized etale fundamental group of a com- 
plete smooth curve over a separably closed field is isomorphic to the etale fun- 
damental group of its Jacobian (cf. fTF, §9). In this paper we will gener- 
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alize this result in the language of the fundamental group scheme introduced 
by Nori (cf. [19] and [2^) for schemes over fields then extended by Gasbarri 
(cf. [S]) for schemes over Dedekind schemes. In particular in Corollary 13.81 
we prove that if / : C S* is a smooth and projective curve with integral 
geometric fibers endowed with a S'- valued point x G C{S) then the natural 
morphism (p : tti{C,x)°-^ 7ri(J, Oj) from the abelianized fundamental group 
scheme of C to the fundamental group scheme of its Jacobian is an isomor- 
phism. This is a consequence of a more general statement (cf. Theorem 13. 6p 
in higher dimension: if we replace C by a scheme of finite type X and J by 
Albx/s, the Albanese scheme of X (provided it exists), then the morphism of 
fundamental group schemes 7ri(A, a:)"'' — > 7ri(Albx/s, OAibx/s) induced by the 
canonical morphism X — Alb^/s fits in an exact sequence of group schemes 
(NSx/sY TTiiX^x)"'' 7ri(Albx/s,0Aibx/s) where the kernel is 
the Cartier dual of a 5- finite and smooth group scheme NSJ/^, called torsion 
Neron-Severi scheme of X over S; when S is the spectrum of an algebraically 
closed field k of characteristic this coincides with a classical statement (cf. 
[14], III, §4, Corollary 4.19 and f26|, §5.8) whose main techniques are used here 
to solve our problem. 

As already discussed in [2] the study of the fundamental group scheme is 
tightly related to the problem of extending finite and pointed torsors over the 
generic fiber A,, of X to torsors over X. Here we concentrate our attention on 
commutative torsors. We already know that if X is an abelian scheme every 
(necessarily) commutative quotient (i.e. the group scheme acting on it is a 
quotient of the fundamental group scheme of A^) pointed torsor over A^ can be 
extended to A (cf. [5], §3.2). Tossici recently proved in f5T, Corollary 4.9 that 
if S* = Spec{R), where i? is a d.v.r. of mixed characteristic and A is a normal 
scheme, faithfully flat over S with integral flbers then every commutative finite 
torsor (pointed or not) Y' — A^ with Y' connected such that the normalization 
K of A in Y' has integral special fiber can be extended to a commutative finite 
torsor over A up to an extension of R. Here we prove (cf . Theorem I3.10p that 
for any Dedekind scheme S, under some existence assumptions for Pic'^yg and 
for Pic5f/5, every commutative finite pointed torsor Y' — > A^ can be extended 
to a commutative finite pointed torsor over A. We do not need to extend the 
base scheme S and we do not need other assumptions on Y' , but of course we 
may have problems while trying to solve existence problems for Pic'^y^ and 
Pic5f/5. In section [3.21 we provide some examples where everything behaves 
well. 

Notation 1.1. Throughout this paper every scheme is supposed to be locally 
noetherian. We denote by Sch/S the category of (locally noetherian) schemes 
over a base scheme S. If X is a S -scheme, a torsor over X under a finite and 
fiat S -group scheme G will be a finite, faithfully flat and G-invariant morphism 
p : Y ^ X , locally trivial for the fpqc topology, where Y is a S -scheme endowed 
with a right action of G. 
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2 Preliminaries 

2.1 The Picard scheme 

In this section we briefly recall the definitions and properties of the Picard 
scheme and related objects that we will need in the next sections. The following 
material is mostly taken from Grothendieck's seminars [10 and [11 and the more 
recent Kleiman's exposition [T^ (also available on the arXiv). Throughout this 
section X and S will be schemes and f : X ^ S a. separated morphism of finite 
type. For any base change T ^ S we denote for convenience Xt ■= X Xs T 
and Jt ■■ Xt T. As usual Pic{X) ~ H^{X,Ox) wiU denote the absolute 
Picard group of X, i.e. the group of isomorphism classes of invertible sheaves 
of Ox-modules. Now consider the two contravariant functors Picx and Picx/s 
from the category Sch/ S to the category of abelian groups Ab given by formulas 



They are called, respectively, the absolute Picard functor and the relative Picard 
functor. Then denote by Pici^x/ s)(zaT), Pic{x/s)(et), Pic{x/s)Uppf) sheaves 
in the Zariski, etale and fppf topology associated to Picx/s (or, equivalently, 
to Picx)- When S is the spectrum of a commutative ring R with unity we will 
usually write Picx/R instead of Picx/ spec(R)- 

Definition 2.1. We will say that Os — f*Ox holds universally if for any 
S-scheme T the natural morphism Ot — > fr^Oxr isomorphism. 

Remark 2.2. When f : X ^ S is proper and flat with reduced and connected 
geometric fibers then Os — f*Ox holds universally (cf. \12l . Exercise 9.3.11). 

Theorem 2.3. Assume Os — f*Ox holds universally. Assume moreover that 
X{S) ^ 0, then the natural maps 

PiCX/S PiC(X/S){zar) ^ PiC(^X / S){et) P'i-<^{X/ S)ifppf) 

are isomorphisms. 



Definition 2.4. // any of the functors Picx/s^Pic(x/s)(zar),PiC(x/S){et) or 
P^^{x/ s){fppf) representable, then the representing scheme is called the Picard 
scheme and denoted by Ficx/s- 



Picx{T) -.^PiciXr), 



Picx,s{T) Pic{Xt)/Pic{T). 




□ 
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Now we recall an existence theorem for the Picard scheme over a general 
base S ; a sharper result when S is the spectrum of a field has been proven by 
Murre and Oort (cf. [ig, 11.15, Theorem 2). 

Theorem 2.5. Assume that f : X ^ S is flat and projective with inte- 
gral geometric fibers, then Ficx/s exists, is separated and locally of finite type 
over S and represents Pic(^x/s){et) (and Pic(x/S){fppf))- Assume moreover 
that X{S) ^ then Pic^/s represents all the functors Picx/St Piei^x/s){zar), 
P^C(x/s){et) and Pic(x/s){fppf)- 

Proof. By [H], Theorem 9.4.8 the Picard scheme Picx/s exists, is separated 
and locally of finite type over S and represents Pic(^x/S)(ei) (and consequently 
P^^{x/ s)(}ppf))- Then use remark and theorem l2.3l for the second assertion. 

□ 

Remark 2.6. When ViCx/s exists then for any base change S' ^ S the Picard 
scheme Picxg,/^' also exists and Picx3,/5' — Pic^/s S" (cf. fiMi, Ex. 
9.U)- 

We recall that X is an abelian scheme over S of relative dimension g if 
X is a smooth and proper 5-group scheme with connected geometric fibers of 
dimension g. An abelian scheme is always a commutative group scheme (cf. 
[17], Ch. 6, §1, Corollary 6.5). 

Remark 2.7. When X S is an abelian projective scheme then Os — f*Ox 
holds universally and of course X(S) ^ % so theorem \2.5\ holds. 

Let X be a scheme over a field k such that Picx/fc exists, we denote by 
Pic'^-yj, the connected component of the Picard scheme Picx/fc containing the 
unity. It is a geometrically irreducible fc-group scheme of finite type (cf. |12j . 
Lemma 9.5.1). For a general base scheme S we denote by Pic'^^g the union, 

as a set, of aU the Pic^^yj.^^^; assume the existence of Picx/s and suppose 
there exists an open S'-group subscheme of Picx/5, that we denote by Pic^y^, 
satisfying the property that for any point s d S 

Picx/s xsfc(s) -Picx,/fc(s)- 

As a set it is just Pic^^g] by definition it has irreducible geometric fibers so if 
moreover it is smooth and proper over S it is an abelian scheme. We discuss 
the existence of Pic|^/5 in the following theorem: 

Theorem 2.8. Assume that Picx/5 exists, is separated over S and represents 
-P^C(x/s)(/pp/) • Pot any s E S assume all the Pic^^^j,)-^-) are .smooth of the same 
dimension. Then Pic^^g exists and is of finite type over S. Furthermore, if S 
is reduced, then Pic'^^g is .smooth over S. Moreover, if S is noetherian then 
Pic^yg is closed in Vicx/s and projective over S. 
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Proof. By [T^], Proposition 9.5.20 Ficx/s exists and is of finite type over S and 
it is smooth over S when S is reduced. By [1^, Ex. 9.5.7 all the Fic^^f.^^^-^ 
are projective over k{s) then Picx/s is closed in Pic^/s by [12], Proposition 
9.5.20. Again by [12], Ex. 9.5.7 Pic^/s is projective over S. □ 

Remark 2.9. If char{k{s)) = t/ien Pic^f^/fej-^-) is smooth over k{s) by Uff/ . 
Lecture 25, Theorem 1, and if char{k{s)) ~ for all s & S then all the 
Fic^x s / k(s) '^''"^ smooth of the same dimension (cf. Remark 9.5.21) so in 

this case we don't need to add this assumption in the statement of theorem \2.8l 

When Picx/s exists let n : Picx/s Picjc/s be the multiplication by n 
for every integer n > 0; we define the set 

Pic^/s :-U„n-i(Pz4/s). 

If it is open in Picx/s it inherits a structure of scheme. We have the following 

Theorem 2.10. Assume S is noetherian, f : X ^ S is projective and fiat 
with irreducible geometric fibers. Then Pic^^g is an open and closed group 
subscheme ofPicx/Sj quasi projective and of finite type over S. If moreover f 
is smooth then Pic^^^^^ is projective over S. 

Proof. By theorem l2.5I Picy /Q exists, is separated and locally of finite type over 
S. Then use [1^, Theorem 9.6.16 and Ex. 9.6.18. □ 

In particular Pic^^g is fiat (resp. smooth) if Picx/5 is flat (resp. smooth). 

Proposition 2.11. Let f : X ^ S he a projective ahelian scheme. Then X* := 
Pic^xjg exists, is a projective ahelian scheme over S and Pic\^g — P'lCx/s- 
is called the dual ahelian scheme of X . 

Proof Cf. [n]. Corollary 6.8. and [22^, 1.5, Property (5.3). □ 

Definition 2.12. When Pic^^^ exists and is a projective ahelian scheme we 
call it the canonical ahelian subscheme ofP'iCx/s- Set A\hx/s '■= (Picj^/g) = 
PiCp;^.o which is a projective abelian scheme over S according to proposition 
\2.11\ We call it the Albanese scheme of X ^ S. 

Proposition 2.13. Assume f : X S has connected fibres, Os — f*Ox holds 
universally and let x G X{S). Assume Pic^^^g. exists and is a projective ahelian 
scheme. Then there exists a canonical morphism 

X : X ^ Alhx/s 

sending the S -valued section x to OAib^/s- Furthermore forming A\hx/s com- 
mutes with changing the base. 
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Proof. The second assertion follows from [TT], Theoreme 3.3 (iii). For the exis- 
tence of A we first observe that by theorem |2 . 31 P ic y / g represents Picx/s thus 
Yoneda's lemma (cf. [55] Proposition 2.3) assure the existence of a unique uni- 
versal sheaf V € Pic{X x Picx/s) called the Poincare sheaf (see [T2], Exercice 
9.4.3 for more details). Consider £ :— {Ix x i)*{V) where i : Pic'^y^ ^ Pic^/s 
is the inclusion map, then consider 

Z := (£ mod Pic{X)) e Pic{X x Pic°x/s)/PiciX) = PicpieO^^^ (X) 

thus to C we associate a morphism a : X ^ Picp;j.o^^^ . Now we eventually make 
a translation by considering X := {a — a oxo f) : X ^ Picp;j.o observing that 
X o X : S ^ Picpij.0 is the zero map thus A sends the ^-valued section x to 
the identity element of Picpij.o^^^. Since X has connected fibers then A factors 
through Picp;j,o^^^ — Alhx/s as required. □ 

Theorem 2.14. Let f : X S be a projective abelian scheme. The canonical 
morphism X: X ^ X** defined in proposition \2. 13\ is an isomorphism of group 
schemes. 

Proof Cf. [12], ni.20, Theorem (20.2) or [H], Remark 9.5.24. □ 

Remark 2.15. From the morphism X : X Alhx/s defined in \2.1S\ one 

deduces, taking the pull hack, a S -group scheme morphism X* : PicAibx/s/s ^ 
Picx/s thus, composing with the inclusion, a morphism 7 : Pic^ibx/s/S ^ 
Picx/s which factors through Pic^y^. The resulting morphism 

is the isomorphism of theorem \2.14\ (see also J26'l Facts 5.8.9 for an informal 
discussion and references). From now on we identify Pic^/g and PicAibx/sZ-S 
through the isomorphism 7. 

Now we recall a duality theorem concerning abelian schemes: 

Theorem 2.16. Let X and Y be projective abelian schemes over S. Let ip : 
X ^ Y be an isogeny and let 

^X —^Y ^0 

the corresponding exact sequence where N :— ker{(p) is a S -finite and flat group 
scheme. Then there exists an exact sequence 

^ ^ Y* — ^ X* ^ 

where iV^ is the Cartier dual of N. 

Proof Cf. [22], III.19, Theorem (19.1). □ 
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In next theorem we analyze the case of curves: 

Theorem 2.17. Let f : X ^ S be a smooth and projective curve with integral 
geometric fibers. Then Jx/s '■— ^'^^'x/s = ^^^'x/s a projective abelian scheme 
and there is a canonical isomorphism 

■ Jx/s Jx/s- 

Proof. This foUows from [H], Ch. 6, Proposition 6.9. □ 

Definition 2.18. The scheme Jx/s theorem \2.17\ is called the Jacobian 

(scheme) of the curve X. 

Remark 2.19. Under the same assumptions of theorem \ 2.17\ it is clear that 
Jx/s — Albx/s- If moreover the genus g = 1 then Jx/s — ^ canonically by 
theorem \2.14\ 

2.2 The torsion Neron-Severi scheme 

Even if in some relevant cases Vic^x/s — Pi'^x/s (^-S- relative curves, cf. the- 
orem [2lT7] and abelian schemes, cf. proposition 12. it is not always the case. 
In general, by definition, Pic^^^ contains PicJ^/^. Throughout this section we 
keep the following 

Notation 2.20. We assume the existence ofPicx/s instead of specifying hy- 
pothesis on the morphism f : X ^ S implying it exists and we also assume the 
existence of both Pic^^g and Pic^^^ as open and closed subgroup schemes of 

Picj!f/s- Moreover, we assume Pic^^^ is a projective abelian scheme over S 
and Fic^^g is projective and flat over S . 

We fix some further conventions: if G is any S'-group scheme and H a closed 
subgroup scheme of G we denote by G/H(fpqc) the sheaf associated, with respect 
to the fpqc topology, to the functor 

T ^ G{T)IH{T) 

from the category of schemes over S to the category of sets. Now we recall a 
particular case of [7], Theoreme 7.1: 

Theorem 2.21. Let G be a S-group scheme of finite type and let H be a closed 
subgroup scheme of G. If H is proper and flat over S and if G is quasi projective 
over S then G/ Hj^jpg^-^ is representable. 

Now, Picx fs is open and closed subgroup scheme of Picx/s then we 
consider the quotient sheaf 

^Sx/s — Pic5f/s/Pic!Sf/S(ypq^)- 

Proposition 2.22. The sheaf NS'^^g is represented by a separated and flat 
S-group scheme of finite type and forming it commutes with changing the base; 
furthermore the projection p : Pic^^g NS^^/g is faithfully flat. 
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Proof. It exists by theorem I2.21[ then it is a 5-group scheme, separated, flat 
and commutes with base changing according to [4], Proposition 9.2, respectively 
(iv), (x), (xi) and (v). □ 

Definition 2.23. We denote by NS^f/^ the S-scheme representing NS^^g and 
we call it the torsion Neron-Severi scheme. 

Proposition 2.24. The torsion Neron-Severi scheme NSJ^^. is finite and 
smooth over S . 



Proof. It is proper according to 
and of finite type over 5, p 
proper over S. For any s G S" then NS^ 



, Proposition 3.3.16 (f), since it is separated 
fS^/^. is surjective and Pic^^g is 
/j.)-^-) is the etale finite (then quasi 



finite) fc(s)-group scheme of connected components 7ro(Pic5f 



}/kU 



)) (cf. [6], II, 



§5, n° 1). Thus NS5f/5, being flat over 5, is smooth. Since it is proper and 
quasi finite then it is moreover finite by [14], ch. 1, §1, Corollary 1.10. □ 

Now consider the following diagram where horizontal arrows are exact se- 
quences, n > is any integer, the first vertical line is an isogeny since Pic';^^^^ is 
an abelian scheme and everywhere we denote by „G the kernel ker{n : G ^ G) 
for any commutative group scheme G: 



^Pic5f/5 



Pic 



x/s 



Pic 



x/s 



^PicJ/g 



Pic 



x/s 



Pic 



x/s 



tNS'x/S 





by the snake lemma (applied if we place ourselves in the abelian category of fpqc 
sheaves) we obtain the following exact sequence of finite commutative S'-group 
schemes: 



^ nPi4/5 ^ "Pici/s ^ «NSi/5 ^ (1) 

Indeed „Pic^/5 is faithfully flat over S, thus the projection riP'^c^x/s ~^ 
NS^/s is faithfully flat ([4 , Proposition 9.2, (xi)), so the sequence is an exact 
sequence of group schemes (|22^, III, Property 17.1). Moreover nPic^^-yg is finite 
since „Pic^/g and „NS5f/5 are finite, cf. jl]. Proposition 9.2, (viii) 
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Remark 2.25. Since NSJ/g is finite, let N be its order, then for any positive 
integer m we have N-nJ^^^x/s — since {N ■ m) ■ Ins^^^^^ is the zero map 

thus we have an exact sequence of finite and flat S-group schemes 

^ N-mPic°x/S ^ N-mPic'x/s ^ ^^X/S ^ 0. (2) 

Now, dualizing the isogeny of previous diagram we obtain, by theoreni l2.16| 
the foUowing exact sequence 

-(„Pic°,/s)^ ^Alhx/s^^Alhx/s -0 (3) 

whence 

nAlhx/s ^ («Pi4/5)^- (4) 

3 The abelian fundamental group scheme 

In [19], Nori defines the fundamental group scheme Tri{X,x) of a reduced, con- 
nected and proper scheme X over a perfect field k provided with a rational 
point X e X{k) as the group scheme associated to the neutral tannakian cat- 
egory {EF{X),^,x* ,Ox) of essentially finite vector bundles. As pointed out 
in 1^, §1, the same construction holds over any base field k with the additional 
assumption H'^{X,Ox) — k. Nori in particular has shown that the category 
of torsors over X, under the action of finite group schemes, pointed above x is 
filtered, and that the fundamental group scheme 7ri(X, x) is the projective limit 
of the group schemes occurring in these torsors. This led Nori to generalize 
the notion of fundamental group scheme: a fc-scheme X pointed at x £ X(k) 
has a fundamental group scheme based at x if there exists a universal torsor 
pointed above x that dominates every torsor pointed above x under the action 
of a finite group scheme (cf. [2^, Chapter II, Definition 1). Then Nori proves 
that this is equivalent as saying that the category of torsors under finite group 
schemes over X pointed above x is filtered (cf. [50], Chapter II, Poposition 1). 
This point of view has been generalized by Gasbarri who constructs in [8] the 
fundamental group scheme tti {X, x) of an integral scheme X over a connected 
Dedekind scheme 5* provided with a S*- valued point x e X{S) as the projective 
limit of the finite and flat group schemes occurring in torsors over X pointed 
above x. 

If instead of considering all torsors we only consider commutative torsors (i.e. 
torsors under the action of a finite, flat and commutative group scheme) then the 
projective limit of the group schemes occurring in them is called the abelianized 
(or simply abelian) fundamental group scheme and denoted by ni^{X, x). There 
is a canonical morphism 

ni{X,x)^7:f{X,x), 

which is not, in general, an isomorphism. However by a result of Nori it can 
sometimes be an isomorphism: 
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Proposition 3.1. Let S be a connected Dedekind scheme, X ^ S an abelian 
scheme and Ox G -^i^) ihe identity element. Then its fundamental group 
scheme ■ni{X,Qx) is isomorphic to ^im„gN(„X) and then commutative. 

Proof. When 5 is the spectrum of a field the result has been proved in pi] 
by Nori. The same is true when 5 is a Dedekind scheme and X an abelian 
^-scheme (cf. ^2], §2.2). □ 

In the next section we will study the S-group scheme 7r"''(X, x) for a quite 
general scheme X over a Dedekind scheme. 



3.1 Commutative finite torsors 

Let be a connected Dedekind scheme, X an integral scheme, f : X S 
a faithfully flat morphism of finite type provided with a section x : S ^ X 
and such that Os — f*{Ox) holds universally. Under these assumptions the 
fundamental group scheme Tri{X,x) is always defined. In section [2?11 we have 
discussed some existence theorems for Picx/Sj Pic^^g and Pic^^g. However 
throughout this section we simply assume they exist and they satisfy all the 
conditions of notation l2.20l If G is a finite, flat and commutative S-group scheme 
we consider H^{X,G) := Hjpqd^jG) the group of isomorphism classes of G- 
torsors over X. Let Hi {X, G) denote the subgroup of {X, G) of isomorphism 
classes of G-torsors Y over X provided with a S*- valued point y G Yx{S). We 
prove the following proposition, implicitly suggested in [5], XI (last page): 

Proposition 3.2. Let G he a finite, flat and commutative S-group scheme. 
Then there exists a group isomorphism between Hi (X, G) and 
Homs{G\PicX,/s)- 

Proposition 13.21 actuallv holds over any base scheme S. In order to prove it we 
first need a lemma: 

Lemma 3.3. Let G be a finite, flat and commutative S-group scheme. Then the 
natural inclusioi^ Hi (X, G) ^ H'^ {X, G) /H^{S, G) is a group isomorphism. 

Proof. We recall the multiplication law in H^{X, G) (more details can be found 
in [6], III, §4, n° 3 and 4): let F, T e i?^(X, G) then the (commutative) product 
F • T of the two torsors is defined as the contracted product Y y.'^T. Note that 
H^ {S, G) can be seen as the group of G-torsors over X which are pull back of 
G-torsors over S. Now set T := xg X, then clearly T e H^{S, G). We follow 
[2S], 2.2, page 22, (replacing Spec{k) by S): the contracted product commutes 
with base change (cf. [6], III, §4, n° 3, 3.1) then [Y x% T)^ '^Y^x^ Y^. From 
the diagonal embedding Y^ '^Y^ XsY^ one deduces the closed immersion 

S = Y^IG ^{Y^xs Y^)IG = xf Y, = {Y ■ T),. 

In conclusion we have found a torsor T G H^{S, G) such that F • T G Hl{X, G) 
and this is enough to conclude. □ 

iNote that Hl{S,G) = {0}. 
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Proof of Proposition. 13.21 (see also pQ, 5.12 for a similar construction) Let 
q -.Y ^ X he a. G-torsor and let T be any S'-scheme, we want to associate it a 
morphism from G^{T) to Pic'^^g{T). We use the Cartier-Shatz formula 

G''{T)^HomT{GT,G^T) 

(see for example [22], III. 16, Theorem 16.1 but also [29] §2.4) where GmT is 
the multiplicative group scheme over T. So let g G {T) and let G 
HomT{GT,G!mT) be the corresponding morphism. Simply by base change 
qt '■ Yt ^ Xt is a Gy-torsor and if we consider the contracted product 

YS := Yt x^^ G„,t 

through the morphism we have then found a GmT"torsor over Xt, thus an 
element of H^{XT,GmT) ^ PiciXr) (cf. [g. III, Proposition 4.9)_Thus to g 
we have associated an invertible sheaf J^^ G Pic{XT); we denote by J^s its image 
in Pic{XT) / Pic{T) ~ Picx/s{T) (cf. theorem l2.3l) . Then we have constructed 
a morphism 

H\X,G) ^ Homs{G'',Picx/s) 
which passes to quotient 

w : H\X, G)/H\S, G) -> i?oms(G^, Pic^/s); 

it is an isomorphism according to [14], III, Proposition 4.16. Moreover since 
G^ is finite of order m := |G|, thus m : G^ — >■ G^ is the zero map so 
HomsiG^ , Pic x/s) — Homs{G^ ,Picx/s) and w then factors through 

Homs{G'',Pic^x/s)- 
Using lemma 13.31 we finally obtain the isomorphism 

uj : Hl{X,G) 2. i/oms(G\ Pic^/s). 

□ 

The previous proposition and what follows generalize what Nori did for 
abelian varieties in [21]. Here we give some details that in [21] are left to 
the reader. So observe, following the proof of previous proposition, that a 
morphism if : G^ — > PicJ/g can still be factored through ,„Pic^yg where 
m = |G|, then through N-mPic'x/Sj where iV = INS^^gj, via the inclusion 
mPic^/g M> N-m'Picx/g, SO in particular we have an isomorphism 

Hl{X,G) ~ iIoms(G\ w.™PicJ/5) 

and consequently 

Hl{X,G) ~ Homs{{N-rn'P'ic^x/s)^,G)- 
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Let us give an interpretation to this last isomorphism. First of all we recall that 
Hl{X,G) ~ Homs{Tri{X,x),G) ~ i?oms(7ri(X, a;)"^, G) since G is commuta- 
tive, then we have 

(*) HomsiMX, xy", G) ~ Homs{{N-mPic-k/sV,G) 

thus in particular 

HomsiiriiX, xT^ U-mPic^/s)'') - i?oms((Ar.™PicJ/s)^, U.^PicJ/g)^). 

Let : 7ri(X, x)"'' — {jy-rnPicx/sY be the morphism associated to i(i(„.^Picj. 
thus we have a morphism 

cr : 7ri(X, a;)"'' ^ /^meN(jv-rnPicx/s)^, 

then using (*) we have the following 

Proposition 3.4. Notation being as at the beginning of this section, the mor- 
phism 

a : TTi{X,x)°''' /^meN(Af-mPicx/s)^ 

is an isomorphism. 

When X is a projective abelian scheme over S we recover (cf. Proposition 
\JJl that 

TTliX, x)"'' c± l^im menirgX) 

as = 1 and (mPic^/^)^ ~ (mPic';^^^)^ ~ mX, which gives in fact the whole 
fundamental group scheme. 

Lemma 3.5. The natural morphism ip""^ : Tii{X^x)°'^ 7ri(Albx/s, OAib^/s) 
is faithfully flat. 

Proof. All the morphisms {n ■n'P'^c'x / sY ~^ {N-mP'^Cx/sY ^'^'^ faithfully flat 
for all positive (comparable) integers n, m since the dual morphisms are closed 
immersions then the morphism : 7ri(A, a;)"'' — > (jv mPicx/5)^ is faithfully 
flat too. Similarly the canonical map : 7ri(Albx/s, OAibx/s) ~^ (mPi^x/s)^ 
is faithfully flat for every positive m G N. Now Lp"-^ is faithfully flat if and only if 
for every m the morhism p^ o (p"'^ is faithfully flat. But o ip"-^ factors into 
(which is faithfully flat) and {N-mP'^Cx/sY ^ (mPi'^x/s)^ which is faithfully 
flat too since the dual is a closed immersion (see the exact sequence □ 

Theorem 3.6. We have the following exact sequence of commutative group 
schemes 

(NS^/s)^ ^ ni{X,xr'' ^i(Albx/5, OAib^vs) 0. 
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Proof. According to lemma l3.5l we only need to prove that keriip""^) ~ 

so we dualize the exact sequence ([2]) thus obtaining another exact sequence of 

finite and flat commutative S'-group schemes: 

{N-mVlC^X/sY (A..™Pi4/s)^ 

thus passing to the inverse limit we obtain 

{^^x/sY 7ri(X,x)"^ 7ri(Albx/s, OAib,/ J 

□ 

In next corollary we discuss the situation where every finite commutative 
pointed G-torsor over X comes from its Albanese scheme (i.e. it is the pull back 
of finite commutative pointed G-torsor over Alb^/s)- 

Corollary 3.7. When moreover = Pic^/g, then 

7ri(X,a:)'''' ~ ^i(Albx/5,0Aib^,J. 
Proof. Indeed in this case NS^^^ — S, the trivial group scheme. □ 

3.2 Effective examples 

Let S* be a Dedekind scheme, X an integral scheme, / : A" S" a faithfully 
flat morphism of finite type provided with a section x : S ^ X and such 
that Os — f*{Ox) holds universally. In section IXT] we have needed to assume 
the existence of Picx/s, Pic^/s Pi^x/s satisfying certain conditions (cf. 
notation 12. 20p in order to prove in a more general possible setting our results. 
In this section we will not assume their existence anymore and we will describe 
some cases where they certainly exist and they are nice enough so that theorem 
13.61 can be successfully applied. 

1. Curves 

The following corollary generalizes a classical result stating that the abelianized 
etale fundamental group of a curve over a separably closed field is isomorphic 
to the etale fundamental group of its Jacobian (cf. J^, §9). This is almost a 
restatement of theorem 13.61 in the case of curves: 

Corollary 3.8. Let S be a Dedekind scheme and f : C ^ S a smooth and 
projective curve with integral geometric fibers. Assume moreover the existence 
of a S -valued point x G C{S). Let J '.= Jc/s be the Jacobian of C and i : C J 
the canonical morphism sending x to Oj € J{S). Then the natural morphism 
(fi : TTi{C,x)°'^ 7ri(J, Oj) of S- group schemes is an isomorphism. 

Proof. This is a consequence of theorem 12.171 and corollary 13.71 □ 
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2. Characteristic zero 

When S* is a Dedekind scheme of characteristic zero, then it is sufficient to take 
f : X ^ S projective and smooth. Then the existence of Picx/s is assured 
for example if / has integral geometric fibers. In this case for every s G 5 all 
the Pic^^j )/fc(s) ^'I'S smooth of the same dimension (cf. remark [^3]) then use 
theorems 12.81 and 12.101 to conclude. When S is connected Pic^^g is smooth 
since Picx/s is (cf. [T^, Remark 9.5.21). 

3. Schemes over a complete d.v.r. of mixed characteristic 

Let S :— Spec{R) where i? is a complete d.v.r. of mixed characteristic {0,p) 
with field of fractions K and algebraically closed residue field k. Let t be an 
uniformizing parameter of R, v the valuation normalized by v(t) ~ 1 and e := 
v{p) the absolute ramification index. Let X ^ S he a smooth and proper 
scheme and let X^, and Xg be respectively the generic and special fibers; then 
Picx/R exists (it is an algebraic space according to [5], §8.3, Theorem 1, thus 
a group scheme according to [S^, Theoreme 3.3.1) and represents the relative 
Picard functor Picx/s- As char{K) = we have already seen that Pic^^j^ 
is smooth; assume for a moment that Pic^^yj, is smooth too then we still have 
to verify that dim(Pic'^ y^) = dim{Pic\ j j^) . This will be ensured by the 
following theorem due to Raynaud: 

Theorem 3.9. Assume e < p — 1, then Pic'^yjj. exists as a projective abelian 
scheme over R. Moreover Pic^f/^ is a R-flat group scheme of finite type. 

Proof. Cf. [23], Theoreme 1. Then use Theorem 12.81 for the projectivity of 
Picx/R over R. □ 

If we don't want to assume Pic^^^f. to be smooth we can give sufficient 
and necessary conditions on X implying the smoothness of Picx^/t (then of 
Picx^/fc, cf. [B], II, §5, n° 2, 2.1). Indeed according to [TB], Lecture 27 (see also 
[H], Remark 9.5.15) Picx^/fc is smooth if and only if all the Scrrc's Bockstein 
operations Pi vanish, where 

/3i : H^iXs,OxJ ^ H^{Xs,OxJ, A : ker{fi,^i) ^ cofcer(A_i) for i > 2 

These operations always vanish, for instance, when H'^{Xs, Ox J — {0}. 

4-. Schemes over a field. 

Let S be the spectrum of a field k: Picx/s always exist when f : X ^ S is 
proper (cf. cf. [TH], 11.15, Theorem 2). The identity component Picx/^ is a 
closed and open group subscheme of finite type of Picx/s and it is geometrically 
irreducible (cf. [T^], Proposition 9.5.3) and it is projective at least when / is 
projective and smooth (cf. [12], Exercise 9.5.7). The smoothness of Picx/5 is 
clear in the zero characteristic case which has already been treated in point 2. 
When char{k) > one can add the Serre's Bockstein conditions (see point 3) 
to ensure the smoothness of Picx/s- As for Picx/5, by [12], Proposition 9.6.12 



14 



it is an open closed group subscheme of finite type of Picx/s when f : X ^ S 
is projective and it is smooth (then flat) when the Serre's Bockstein conditions 
imply the smoothness of Picx/s- 

3.3 Extension of commutative finite torsors 

Let 5 be a connected Dedekind scheme of generic point rj = Spec{K). Let 
X be an integral scheme and f : X —i' S a faithfully flat morphism of finite 
type provided with a section x £ X{S) and such that ft{Ox) — Os holds 
universally. Assume moreover that Picx/s: Pic^/s Picx/s exist and that 
satisfy all the conditions of notation l2.20l (in section [3T2] we have discussed some 
examples where this always happens). For any point s e 5 consider the fiber 
fs : Xs — > Spec{k{s)) which is naturally provided with a section Xg £ Xs{k{s)). 
According to proposition 13.41 we have the isomorphism 

7ri(X,x)"^ ~ IJjnmmiN-Tn'Picx/sy ^ 

then clearly, since Pic^/5 commutes with base change, this implies, whenever 
Xs has a fundamental group scheme, the isomorphism 

{tTi{X,x)'''')s l^N-meN{N-mPiCxJkis))'^ - M^s,XsT''. 

From now on we only consider the case s = rj. Let G be a finite and commutative 
-fC-group scheme. For a quotient pointed G-torsor q : Y X.^, we mean a 
pointed torsor whose associated morphism 7ri(X^,x,,) — ?> G is faithfully fiat. 
Using standard techniques (cf. for instance [2], lemma 2.7) we are able to prove 
the following 

Theorem 3.10. Let G be a finite and commutative K-group scheme. Then 
every quotient pointed G-torsor q : Y ^ Xj-f can be extended to a pointed G' - 
torsor Z ^ X for some (necessarily commutative) model G' of G finite and flat 
over S. 

Proof. The morphism 7ri(X^, a;^) — )■ G factors through {iq.mPic^x,jk(ri)Y ^ where 
m = \G\. So let denote by u : {]s[.jnPicx^/k(rj)Y G the canonical faithfully 
flat morphism coming from previous factorisation and set D :— ker{u); then 
construct the scheme theoretic closure D oi D in (Ar.,„Pic^/g)^ and consider 
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the quotient G' := {N-mP^'^'x/sY I then we have the following diagram: 



(]V-mPiCx„/fc(n)) 



D 



G 



■G' 



and composing (jv-mPicx/s)^ ^ G' with 7ri(X, a;) — >■ (jv-mPicx/s)^ we con- 
clude. □ 
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